In this paper, the model presented in Bianca et al. [2] has been considered. Based on their analysis of the existence of Hopf bifurcation, by applying the normal form theory and center manifold theory, some explicit formulae for determining the stability and the direction of the Hopf bifurcation periodic solutions are obtained.
Introduction
Dalgaard and Strulik [3] developed a model based on the main assumption that there exists a supply relation between the electricity consumption per capita (viewed as the economic counterpart to metabolism) and capital per capita (viewed as the counterpart to body size). From a mathematical point of view, their model of an economy viewed as a transportation network for electricity is isomorphic to the Solow-Swan model [10] [11] . Bianca et al. [2] generalized the Dalgaard and Strulik model by considering the energy conservation equation to contain a time delay T (see e.g. [1] , [4] [5] [6] [7] [8] for a similar approach in other models), which take cares of the previous occurring dynamics. Specifically, if ξ is the energy requirement to operate and maintain the generic capital good k, while ν is the energy costs to create a new capital good, the energy conservation equation is described by e(t) = ξk(t − T ) + dk(t)/dt. Consequently, the law of motion for capital in Dalgaard and Strulik [3] is described by the following non-linear delay differential equation
for given initial function k(t) = φ(t), t ∈ [−T, 0], where 0 < a < 1 is a real constant proportional to the dimension and efficiency of the network, and ε > 0 is a real constant, in the sense that it is independent of capital per worker. Equilibria of Eq. (1) coincide with the corresponding points for zero delay, T = 0. Hence, there exists a unique positive steady state k * satisfying the relation εk a−1 * = ξ. By choosing time delay as a bifurcation parameter, Bianca et al. [2] proved that, as the delay T increases, there exists a positive number T 0 such that the equilibrium k * is asymptotically stable for T 0 > 0 and unstable for T 0 < 0, i.e. the positive equilibrium loses its stability and a Hopf bifurcations occurs. In this paper, based on the analysis of the existence of the Hopf bifurcation, by using the center manifold theory and the normal form method, an explicit algorithm for determining the direction of the Hopf bifurcation and the stability of the bifurcating periodic solution is derived. In this way, one can obtain the important quantities determining the properties of bifurcating periodic solution at the critical value.
Direction and stability of Hopf bifurcation
According to Bianca et al. [2] , the model (1) undergoes Hopf bifurcation when T = T 0 . As described in Hassard et al. [9] , the periodic solution obtained can be further investigated by employing the normal form and center manifold theory. For simplicity, we assume ν = 1 in (1). Let T = T 0 + µ, µ ∈ R, so that Hopf bifurcation occurs at µ = 0. Letting x = k − k * , Eq. (1), expanded in the neighborhood of the null solution up to third order, can be written as
The delayed equation Eq. (2) can be rewritten as a functional differential
where
Using the Riesz representation theorem, there exists a bounded variation func-
and
For
and a bilinear form
where A(0) and A * are adjoint operators. It is easy to see that q(θ) = e iω 0 θ , −T 0 ≤ θ ≤ 0, is the eigenvector of A(0) associated with iω 0 , and q * (θ) = Be iω 0 θ , 0 ≤ θ ≤ T 0 , is the eigenvector of A * (0) associated with −iω 0 , with
and < q * , q >= 1, < q * ,q >= 0. Next, we compute the coordinates to describe the center manifold at µ = 0. Let x t be the solution of (4) when µ = 0. Define z =< q * , x t >, w(t, θ) = x t (θ) − 2Re {zq(θ)}. We find
We rewrite Eq. (6) as
It follows from (4) and (8) thaṫ
Since
Then, we derive that the function f 0 in (7) can be expressed as
Comparing coefficients with (12) , the following hold
Hence, (10) yields
Fromẇ(z,z) = w zż + wz . z, recalling (8) and (9), we can get a second expression forẇ, which compared with (11) leads to the following equations for the coefficients w ij :
From (13) and (14), we havė w 20 = 2iω 0 w 20 + g 20 e iω 0 θ +ḡ 02 e −iω 0 θ .
Solving for w 20 , and similarly for w 11 , we obtain
respectively. Here, E 1 and E 2 are constants to be determined by setting θ = 0 in H. A direct computation shows
In conclusion, all g ij have been obtained, and thus we can compute the quantities
which determine the properties of bifurcating periodic solutions at the critical value T 0 . From the discussion above, we have the following result.
Theorem 2.1. Let k * be the unique positive solution of the model (1).
1) µ 2 determines the direction of the Hopf bifurcation when T > T 0 : if µ 2 > 0 (resp. µ 2 < 0), then the Hopf bifurcation is supercritical (resp. subcritical) and the bifurcating periodic solution exists for T > T 0 (resp. T < T 0 ) in a sufficiently small T 0 -neighbourhood.
2) β 2 determines the stability of the bifurcating periodic solution: if β 2 < 0 (resp. β 2 > 0), the bifurcating periodic solution is locally asymptotically stable (resp. unstable) .
3) T 2 determines the period of the bifurcating periodic solution: if T 2 > 0 (resp. T 2 < 0), the period increases (resp. decreases).
